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PROPAGATION OF WAVE-PACKETS INCIDENT OBLIQUELY
UPON A STRATIFIED DOUBLY REFRACTING IONOSPHERE

By H. G. BOOKER, Ph.D.

Christ’s College, Cambridge and Department of Terrestrial Magnetism,
Carnegie Institution of Washington

(Communicated by E. V. Appleton, F.R.S.—Received 1 December 1937)

1. INTRODUCTION

Little attempt has so far been made to apply Appleton’s magneto-ionic theory to
wireless waves incident obliquely upon the ionosphere. Actually the magneto-ionic
theory in the form given by Appleton (1925, 1932) and others (Nichols and Schelleng
1925; Breit 1927; Goldstein 1928) is only suitable for investigating vertical propagation
in the ionosphere, and it is the object of this communication to develop a generaliza-
tion of Appleton’s magneto-ionic theory capable of dealing conveniently with waves
incident obliquely upon the ionosphere. A general investigation into oblique propa-
gation of electromagnetic waves through a slowly varying doubly refracting medium
has already been made (Booker 1936), and the ideas there developed will now be applied
to propagation through the ionosphere of wireless waves of wave-length sufficiently
short (less than a kilometre, say) to regard the medium as slowly varying.
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The ionosphere may be thought of ideally as a horizontally stratified medium com-
posed of free electrons, the density of which is a function only of height above the surface
of the earth, increasing upwards from zero at a certain level AB (fig. 1). Let us neglect
for the moment the effect of the earth’s magnetic field. Then the refractive index x of
the medium is practically unity below 4B and decreases as we go upwards above 4B
into the ionosphere. According to the simple ray theory, a wave incident upon the
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412 H. G. BOOKER ON PROPAGATION OF WAVE-PACKETS

ionosphere at an angle @ to the vertical is bent round so that, when it reaches the level
where the refractive index is g, it is travelling at an angle ¢ to the vertical, where ¥ is

given by Snell’s Law
usiny =sind. (1)

When the wave reaches the level where the refractive index is y,, given by
U Sin (37) = sin 0, (2)

it returns to the earth as shown in fig. 1. If ¢ = 0, then y, = 0.

The introduction of the earth’s magnetic field brings with it complications. On
entering the ionosphere an incident wave of arbitrary polarization is split into two
characteristically polarized magneto-ionic components each of which is, under certain
conditions, independently propagated through and reflected from the ionosphere. The
refractive indices for each of the two magneto-ionic components are given by Appleton’s
magneto-ionic theory. The refractive index for a magneto-ionic component is not,
however, simply a function of height above the surface of the earth: it depends also
upon the angle between the direction of propaga-
tion and the direction of the earth’s magnetic field.
Consequently the value of 4 to be putin (1) is a
function—and quite a complicated function—of .
The solution of (1) for ¥ under these circumstances
‘ is the essential difficulty which has to be overcome
. ! in studying oblique propagation of a magneto-
29 ¢ ionic component through the ionosphere. This
problem has already been attempted by Schekulin
(1930), who finds that in general the ray for each
magneto-ionic component should apparently have the form shown in fig. 2. He does
not, however, offer any convincing interpretation of such a curious result.

In §2 of the present paper we develop a different method for describing oblique
propagation of a magneto-ionic component through the ionosphere, avoiding the use
of a refractive index # which depends in a complicated way upon an unknown angle of
refraction . This method makes the validity of Schekulin’s result almost obvious. The
explanation of the result depends on the fact that in a doubly refracting medium the
direction of group-propagation in general differs from that of phase-propagation.
Fig. 2 represents only the phase-propagation of a magneto-ionic component, whereas
it is the group-propagation which yields a cuspless ray of more conventional type.
The level of reflexion of a magneto-ionic component is the level where its direction of
group-propagation becomes horizontal. By studying the propagation of wave-packets
through the ionosphere we deduce in § 3 that this level is given by the upper cusp in
fig. 2, and not by the lower cusp, which merely gives the level where the direction of
phase-propagation becomes horizontal. The fact that the level of reflexion of a magneto-

F1c. 2. Ray according to Schekulin.
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UPON A STRATIFIED DOUBLY REFRACTING IONOSPHERE 413

ionic component is not given by the lower cusp in fig. 2 means that it is in general wrong
to deduce the level of reflexion by putting the angle of refraction equal to 47 in Snell’s
Law as we do when the effect of the earth’s magnetic field is neglected (cf. (2)). In §4
consideration is given to the effect of the earth’s magnetic field in producing lateral
deviation of wave-packets during their journey through the ionosphere, and in §5 a
study is made of the effect upon group-propagation of damping due to collisions of the
free electrons with neutral air molecules. §6isareview of the phenomena associated with
strata in which the ray theory breaks down in a medium that is structurally slowly
varying. Although the terminology of the ionosphere has been employed throughout,
much of the discussion in §§2-6 is applicable to any slowly varying plane-stratified
doubly refracting medium, and it is not until we reach § 7 that it is necessary explicitly
to derive the fundamental formula of the oblique incidence magneto-ionic theory.
This formula is an algebraic quartic equation, and further progress depends on our
ability to solve this equation. In general the only practical way of doing this is to resort
to one of the standard numerical methods, and in § 8 some special cases are worked out
in this way, mainly in order to see how important it is to deduce the critical values of
electron density required to produce reflexion from the ionosphere by expressing the
condition that the direction of group-propagation, and not phase-propagation, should
be horizontal. There are, however, two special cases in which the analytical solution of
the quartic equation is sufficiently simple to be of practical value, and these are discussed
in §§9 and 10. §9 deals with the case when the plane of phase-propagation is perpendi-
cular to the magnetic meridian-plane (east-west transmission), and this may be taken to
include the case of vertical incidence, which has been investigated by a number of
writers (Appleton and Builder 1933; Taylor 1933, 1934; Ratcliffe 1933; Booker 1934,
1935; Bailey 1934; Martyn 1935; Forsterling and Lassen 19334, b; Goubau 1934,
19354, b). §10 deals with propagation in equatorial regions, where the earth’s
magnetic field is horizontal.

2. PHASE-PROPAGATION

Take axis-z vertically upwards and let a plane harmonic wave of frequency f = kc¢/2n
be incident upon the ionosphere at an angle ¢ to the vertical in the yz-plane as shown
in fig. 3. Consider separately the two magneto-ionic components into which the
incident wave is split. In the neighbourhood of the level where the angle of refraction
is ¢ and the refractive index is u(y), the propagation of a magneto-ionic component
may be represented by the wave-function

explik{ct—pu(¥) (siny.y+cosy.z)}]. (3)

By Snell’s Law (1), u(y)siny is a prescribed constant, namely, sind. The product
u(¥) cos ¥ we replace by a new and important variable ¢. (3) therefore becomes

explik{et— (sin 0) y— gz}, (4)

52-2
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414 H. G. BOOKER ON PROPAGATION OF WAVE-PACKETS

in which ¢ is the only unknown. ¢ actually contains the electron density N as a variable,
together with the earth’s magnetic field H®, the wave-frequency f and the angle of
incidence ¢ as parameters. The propagation of the wave through the ionosphere is
represented by plotting ¢ as a function of N for given values of H°, f and 0.

The precise significance of the quantity ¢ may be seen from fig. 4. The wave-function
(3) shows that, at the level in the ionosphere where the angle of refraction is y and the
refractive index is x(¢), the phase-propagation of a magneto-ionic component may be
represented by a vector of length #(¥) making an angle ¢ with the vertical as shown in
fig. 4. The length of this vector is the velocity of phase-propagation divided into the

L

<
\\s

7
. P q®)
| ¥
‘g
; 0 sin @ 4
Fic. 3 F1c. 4. Phase-propagation.

velocity of light in vacuo, and the direction of the vector is the direction of phase-pro-
pagation. The horizontal component of the vector is #(y) siny, which, by Snell’s Law (1),
remains constant and equal to sin § as the wave is propagated through the ionosphere.
The vertical component of the vector is x(¢) cos ¢ and is therefore the quantity which we
have denoted by ¢ and which varies with the electron density in a manner to be in-
vestigated. When we use the wave-function (3) we are describing propagation by means
of the quantities # and ¥ shown in fig. 4. When we use the wave-function (4) we are
describing propagation by means of the alternative quantities ¢ and sin  shown in
fig. 4. The latter pair of quantities is the more convenient because, if the angle of
incidence ¢ is a prescribed constant, the propagation of the wave is completely described
by the variation of the single quantity ¢. The advantages of this method are already
realized by mathematicians (see for example Hartree 1929, 19314), but little use has
so far been made of it by physicists.

(4) differs from the wave-function assumed by Appleton (1932) by the inclusion of
the term depending on the angle of incidence. If § = 0 (vertical incidence), we revert

to Appleton’s wave-function
exp|ik{ct— qz}], (5)

and ¢ is then the same thing as the refractive index y (cf. fig. 4 when § = 0). Let us recall
the way in which Appleton developed the theory in the special case = 0 so that we
can adopt the same method for non-zero values of §. By substituting the wave-function
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UPON A STRATIFIED DOUBLY REFRACTING IONOSPHERE 415

(5) into the electromagnetic equations Appleton deduced a quartic equation for ¢
which, since it contained no cubic or linear terms, was actually a quadratic equation

for ¢% of the form ~
ag*+yg*+e=0, (6)

where a, y and ¢ contain the electron density N as a variable together with the earth’s
magnetic field H° and the wave-frequency f as parameters. When the two values of ¢2
given by (6) are plotted against N for fixed values of H® and f, they give curves of the
form shown in fig. 5 (cf. Taylor 1933, fig. 3 and Ratcliffe 1933, figs. 9-13), one curve (say
the broken one) referring to the extraordinary magneto-ionic component, and the other
to the ordinary magneto-ionic component. Instead of regarding (6) as a quadratic for
g%, let us regard it as a quartic for ¢. There are then two pairs of equal and opposite roots,
which, when plotted against N for fixed values of H® and f, give four curves 4, RA, IB,
RB which fit together symmetrically as shown in fig. 6. The broken and continuous
curves in fig. 6 correspond to those in fig. 5. /A4 refers to the upgoing extraordinary wave,
AR to the downcoming extraordinary wave, IB to the upgoing ordinary wave and BR
to the downcoming ordinary wave. At A the pair of roots corresponding to the extra-
ordinary wave passes from real to conjugate complex values via equality as N increases
through N,. N,is the critical electron density which has to be attained in the ionosphere
in order to produce reflexion of the extraordinary wave. Corresponding remarks apply
to the ordinary wave. The symmetry of the curvesin fig. 6 about the N-axis expresses the
fact that the quartic (6) for ¢ is actually a quadratic for ¢2.

Fic. 5. ¢? as a function of N, vertical Fic. 6. ¢ as a function of N, vertical
incidence. incidence.

If we now take the full wave-function (4) and substitute it into the electromagnetic
equations as in the case when # — 0, we again obtain a quartic equation for ¢, which,
however, is no longer simply a quadratic for ¢*: as we shall see explicitly in § 7, the equation

is of the form
aq* +p¢*+ 74> +9g+¢ = 0, (7)
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416 H. G. BOOKER ON PROPAGATION OF WAVE-PACKETS

where «, f, 7, d and ¢ contain N as a variable together with H°, fand 0 as parameters, and
f and din general differ from zero. Consequently if we plot the four roots of (7) against N
for fixed values of H®, fand 0 as we did in fig. 6 for the case § = 0, we obtain curves as
shown in fig. 7 which are no longer symmetrical about the N-axis.

The significance of this result becomes apparent when we interpret fig. 7 with the aid
of fig. 4. Below the ionosphere the electron density vanishes and the wave-function
for the incident wave is

exp[ik{ct— (sinf) y — (cos 0) z}]. (8)

cos 8

-cos 0

F1c. 7. ¢ as a function of N, oblique incidence.

Hence for N = 0 we have ¢ = cos @ for the incident wave (point /in fig. 7), and similarly
q = —cost for the reflected wave (point R). On entering the ionosphere the incident
wave is split into two magneto-ionic components the propagation of which is repre-
sented in fig. 7 by the curves IDAR and IBER. Consider the former. As the wave
proceeds upwards into the ionosphere the electron density increases, and so, in accord-
ance with the curve IDAR in fig. 7, ¢ decreases. Referring to fig. 4 and remembering
that sin  remains constant, we see that this decrease in ¢ means that the direction
of phase-propagation bends round as shown by the ray id in fig. 8(a). It becomes
horizontal at d, which corresponds to D in fig. 7, where ¢ vanishes. g now becomes
negative, implying according to fig. 4 a downward direction of phase-propagation.
But the curve IDAR in fig. 7 does not turn back towards smaller electron densities until N
has further increased to N ;. In consequence the portion of the phase-ray corresponding to
DA in fig. 7 must be as shown by da in fig. 8(a). The complete phase-ray corresponding
to the curve IDAR in fig. 7 is therefore represented by idar in fig. 8(a), and similarly the
phase-ray corresponding to the curve IBER in fig. 7 is represented by tber in fig. 8(5).
The arrows indicate direction of phase-propagation.

Schekulin’sresultis thus confirmed. Moreover itshould be emphasized that phase-rays
of the form shown in fig. 8 are not exceptional phenomena which only occur as a result
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UPON A STRATIFIED DOUBLY REFRACTING IONOSPHERE 417

of some special choice of the conditions of propagation. They are general phenomena
which can only be avoided by special choice of the conditions of propagation. The
unusual form of the phase-rays merely expresses the effect of the earth’s magnetic field in
producing asymmetry between the propagation of the upgoing and downcoming waves.
The explanation of this result depends on the fact that what we have been discussing
so far is only the phase-propagation, whereas it is the group-propagation which yields
cuspless rays of more conventional type than those shown in fig. 8. '

b

/ \ _ / \
) (b) \

F1c. 8. Phase-rays of magneto-ionic components.

3. GROUP-PROPAGATION

Consider a group of plane harmonic waves whose frequencies are grouped around a
mean frequency f and whose directions of incidence upon the ionosphere are grouped
around a mean direction making an angle ¢ with the vertical. Such a group of waves
forms a wave-packet consisting of a portion of a plane harmonic wave of frequency f
concentrated in the neighbourhood of a certain point moving upwards towards the
ionosphere with the velocity of light iz vacuo at an angle 0 to the vertical. So long as
the wave-packet is still below the ionosphere, individual wave-crests within it are
moving with the same velocity and in the same direction as the wave-packet, so that they
are stationary relative to it. When the wave-packet enters the ionosphere it is magneto-
ionically split into two characteristically polarized wave-packets which may be con-
sidered separately. Moreover, for each of these wave-packets the further effect of the
earth’s magnetic field in general is to cause the velocity of group-propagation to
differ from that of phase-propagation not merely in magnitude but also in direction.
Hence, as a wave-packet is propagated through the ionosphere, individual wave-crests
within it are in general moving across the wave-packet with a velocity which differs
both in magnitude and direction from the velocity of the wave-packet as a whole (cf.
fig. 9). This clears up the difficulty with regard to fig. 8. A ray such as that shown in
fig. 8(a) or (b) does not indicate the path actually followed by a characteristically
polarized wave-packet incident upon the ionosphere at an angle  to the vertical. It
merely indicates for each level in the ionosphere, both for the upward and downward
journeys, the directions in which individual wave-crests move across the wave-packet
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418 H. G. BOOKER ON PROPAGATION OF WAVE-PACKETS

when situated at that level. The actual path followed by the wave-packet still remains
to be investigated.

There emerges from this interpretation of figs. 7 and 8 an interesting and important
fact concerning the critical electron density which must be attained in the ionosphere
in order to return a magneto-ionic component to the surface of the earth. It might be
thought that this critical electron density could be deduced by putting the angle of
refraction ¥ equal to 37 in Snell’s Law as we did in (2) for the case when the earth’s
magnetic field is neglected. Since, from fig. 4, putting ¥ = i is equivalent to putting
q = 0, this method would imply that the critical electron densities of the magneto-ionic
components are given by the points D and E in fig. 7, that is, by the levels 4 and ¢ in
fig. 8. This method is in general wrong. For we now see that it only expresses the con-
dition that individual wave-crests are moving across the wave-packet horizontally,
whereas the true criterion for critical electron density is clearly to be obtained by
expressing the condition that the wave-packet as a whole is travelling horizontally.* We
" may expect that the critical electron densities are actually given by the points 4 and B
in fig. 7 since d¢/d N is infinite there, and we proceed to prove that this is in fact the case.
It will follow that the levels of reflexion of the magneto-ionic components in fig. 8 are
a and b, not d and e.

Mbtion of wave-packel A

as a whole V.\
!

Z

Motion

t

1

1
. . 1
of individual :
\ wave crests I
1
1
]
1
1
]
+

0 J

Frc. 9. Propagation of a wave-packet Fic. 10. The path of a wave-packet.
in a doubly refracting medium.

It will now be convenient to take the wave-function of a magneto-ionic component
in the form

exp{ik(ct—-&/—fzqdz)}. (9)

(9) differs from (4) in that we have now written § for the sine of the angle of incidence,
and have replaced ¢z by f Zq dz because ¢ is a function of z and we now wish to have a
wave-function simultaneously applicable for all values of z. The functional dependence

* Or, as may easily be proved to be the same thing, by expressing the condition that the direction
of energy-propagation, as represented by the Poynting vector, is horizontal (cf. Booker 1936).
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UPON A STRATIFIED DOUBLY REFRACTING IONOSPHERE 419

of g upon z is given by one or other of the curves 4, R4, IB, RB in fig. 7 when we know
the distribution of the electron density N with height z above the surface of the earth.
A group of waves of the type (9) is represented by the integral

f f Ak, S) exp{zk(ct Sy— f qdz)}dde (10)

and if we suppose that for real values of £ and § the amplitude function A4(%, S) is only
appreciable in the neighbourhood of a certain value £, of £ and of a certain value S, of
S, (10) represents a wave-packet of mean frequency k,¢/27 incident upon the ionosphere
at an angle sin~1.S, to the vertical in the yz-plane as described above (p. 417). The
position of the wave-packet at any instant is obtained by Kelvin’s method of stationary
phase. We locate the point at which the various component waves of the group inter-
fere constructively with one another by expressing the conditions that small variations
of £ and § from their mean values £, and §; make no first-order variation in the phase-
function

k(ct—Sy—Jquz). (11)

These conditions, obtained by making the partial derivatives of (11) with respect to k&
and § vanish for £ = £y, S =S, are

ct—Sy = f k‘-’)dz (12)

] f i, (13)

in which £ and \§' are supposed to have their mean values £, and §,. The two relations
(12) and (13) between y, z and ¢ give the position (y, z) of the wave-packet at time ¢.
The lower limit of the integral in (11) has been chosen to make y, z and ¢ vanish together
in (12) and (13), that is, to make the wave-packet pass through the origin at time zero.

(13) gives y explicitly as a function of z, that is, it gives the equation of the path traced
out by the motion of the wave-packet. Fig. 10is a representation of this path, P being the
position of the wave-packet at time ¢ after leaving the origin O. When the value of y
corresponding to a given value of z has been obtained from (13), it may be substituted
into (12), which then gives the time taken by the wave-packet to reach the height z.
¢t is usually called the equivalent path or group-path of the wave-packet. It may be
mentioned that, if in differentiating (11) partially to obtain (12) and (13) we take the
independent parameters to be, not £ and S, but £ and (£S), (12) is replaced by a relation
giving ct explicitly as a function of z without involving y.

Our immediate object is to calculate the critical electron density which must be
attained in the ionosphere in order to return the wave-packet to the surface of the earth.
This is the electron density corresponding to the point 4 in fig. 10 where the direction of

Vor. CCXXXVII. A, 53
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420 H. G. BOOKER ON PROPAGATION OF WAVE-PACKETS

motion of the wave-packet is horizontal. The level at which the electron density is
critical is therefore obtained by putting

dy

p (14)

where y is given as a function of z by (13). But from (13) we deduce by differentiating
with respect to z that

dy __9q
=g (15)
Hence the condition (14) for critical electron density becomes
J
5’% = o0. | . (16)

Now ¢ is given as a function of § by the quartic equation (7), the coeflicients of which
depend on S. Denote the left-hand side of (7), regarded as a polynomial in ¢, by F(q),
so that the quartic may be written

F(q)=aq*+fg*+yq*+-dq+¢ = 0, (17)

where «, f, 7, 0 and ¢, and consequently ¢, depend on the electron density, the earth’s
magnetic field, the wave-frequency, and in particular upon S, the sine of the angle of
incidence. Differentiate (17) partially with respect to §. We obtain

0F dq (3cx ., 08 40 86)

2
228 T\as? o5t *as‘-’ a5 s (18)

where the first term comes from differentiating the powers of ¢ and the term in brackets
from differentiating the coefficients. We may anticipate that the latter term is always
finite under the conditions in which we are interested, and this is confirmed by the
analytical expressions for «, f, 7, 6 and ¢ to be deduced in § 7. It therefore follows from
(18) that the condition (16) for critical electron density is equivalent to

=0 (19)

But this is the well-known condition that the quartic equation (17) for ¢ should have a
pair of equal roots. Now the four roots of (17) are represented in fig. 7 as functions of the
electron density N by the four curves 74, R4, IB, RB. At the point 4 the pair of roots
corresponding to the extraordinary wave passes from real to conjugate complex values
via equality as Nincreases through N,. At the point B the pair of roots corresponding to
the ordinary wave passes from real to conjugate complex values via equality as N in-
creases through N,. N, and N, are therefore the electron densities for which a pair of
roots of the quartic equation (7) for ¢ are equal, and are consequently the critical
electron densities for the extraordinary and ordinary waves. I4 represents the upgoing
extraordinary wave, 4R the downcoming extraordinary wave, /B the upgoing ordinary
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wave and BR the downcoming ordinary wave. The levels in fig. 8 corresponding to the
critical electron densities N, and N are a and b, corresponding to the points 4 and B in
fig. 7. We have therefore shown that, in fig. 8, although d and ¢ are the levels where
individual wave-crests are moving across the wave-packets horizontally, nevertheless
a and b are the levels where the wave-packets as a whole are travelling horizontally.
In other words, the critical electron densities are given in fig. 7 by the points 4 and B
where two roots of the quartic (7) for ¢ are equal, not by the points D and £ where ¢ = 0.
Of course, in the special case of vertical incidence represented in fig. 6, it happens that,
owing to symmetry of the (¢, N) curves about the N-axis, the points 4 and B
coincide with the points D and E, so that in this particular case it is legitimate to
calculate the critical electron densities from the condition ¢ = 0.

A a
DY S N
1 R 1
(@)
Group-rays Phase-rays
B b
E

/N

F1e. 11. Group- and phase-rays of magneto-ionic components.

Weare now in a position to form a complete picture of the propagation of wave-packets
through the ionosphere under the influence of the earth’s magnetic field. An arbitrarily
polarized wave-packet incident upon the ionosphere at the point I in fig. 11 is magneto-
ionically split into the two characteristically polarized wave-packets, the paths of which
are represented by the two group-rays IDAR, IBER shown in the upper and lower
sections of the figure. /4 is the path followed by the extraordinary wave-packet on its
upward journey through the ionosphere, and corresponds to the root of the quartic
equation (7) for g represented by the curve /4 in fig. 7; D in fig. 11 shows the position
of the upgoing wave-packet when it reaches thelevel in the ionosphere where the electron
density is that corresponding to the point D in fig. 7. ARin fig. 11 is the path followed by
the extraordinary wave-packet on its downward journey through the ionosphere and
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corresponds to the root of the quartic equation (7) for ¢ represented by the curve AR
in fig. 7. In the same way, IB in fig. 11 is the path followed by the ordinary wave-packet
on its upward journey, corresponding to the root of the quartic for ¢ represented by the
curve IBin fig. 7, and BR in fig. 11 is the path followed by the ordinary wave-packet on
its downward journey, corresponding to the root of the quartic for ¢ represented by the
curve BRin fig. 7; Ein fig. 11 shows the position of the downcoming wave-packet when
itis at the level in the ionosphere where the electron density is that corresponding to the
point £ in fig. 7. The spots at various points along the two group-rays represent the two
characteristically polarized wave-packets at various stages during their propagation
through the ionosphere.

d
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tan 6 7
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F1c. 12. CQalculation of horizontal range.

The asymmetry of the (¢, N) curves IDAR, IBER in fig. 7 about the N-axis leads to
asymmetry of the group-rays IDAR, IBER in fig. 11 about the verticals through 4 and B
respectively. For if —dq/ds is plotted for the extraordinary wave as a function of height
z above the surface of the earth, we obtain a curve of the type shown by the continuous
line in fig. 12 having two branches which are not in general symmetrical with respect to
the z-axis. The upper branch is derived from the root of the quartic equation (7) for ¢
represented by the curve /4 in fig. 7 and corresponds to the upgoing wave, while the
lower branch is derived from the root of the quartic for ¢ represented by the curve AR in
fig. 7 and corresponds to the downcoming wave. It is clear from (15) that —dq/dS is
positive for an upgoing wave-packet and negative for a downcoming wave-packet.
Below the ionosphere we have (cf. (8))

dg  d(d-cosf)
—35=" d(sin 0) = 4tan@ (20)

for the upgoing and downcoming waves respectively. In the ionosphere the two values
of —dq/dS in general cease to be equal and opposite, but in accordance with (16) they
tend to ++co as z—z, (the height of the point 4 in fig. 11 (a)). As zincreases through z,,
the two values of —dgq/dS, like those of ¢, become conjugate complex quantities. Now
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(13) shows that the horizontal displacement y undergone by a wave-packet as it ascends
to the height z isrepresented by the area under the —dg/dS curve. In particular the hori-
zontal displacement undergone by the extraordinary wave-packet in reaching its highest
point 4 in fig. 11(a) is given by the area in fig. 12 contained between the upper branch of
the —dq/dS curve, the z-axis and the ordinates z = 0 and z = z,. The further horizontal
displacement undergone by the wave-packet in returning to the surface of the earth is
given by the area in fig. 12 contained between the lower branch of the —dq/dS$ curve,
the z-axis and the ordinates z = 0 and z = z,. Since these two contributions to the
horizontal range of the wave-packet (that is, its total horizontal displacement from the
time it leaves the surface of the earth until the time it returns to it) are in general unequal,
itis clear that the group-ray shown in fig. 11(¢) must in general be asymmetrical about
the vertical through 4. It may be mentioned that, in using fig. 12 for a numerical
calculation of the horizontal range of a wave-packet, —dg/dsS is most easily derived from
(18), while the area in fig. 12 contained between the two branches of the —dq/dS$ curve
and the ordinates z = 0 and z = z, may be obtained by fitting to the infinities curves,
as shown by the broken curves in fig. 12, of the form

+K
J(z4—2)°

where K is a certain constant; the area between the broken curves may then be obtained
analytically, and the remaining area, which no longer contains an infinite ordinate, by
a standard numerical method. There is, of course, a curve for the ordinary wave of the
same type as that shown in fig. 12 for the extraordinary wave. We may remark that, for
the same mean frequency and angle of incidence, the horizontal ranges of the ordinary
and extraordinary wave-packets are different. Consequently although the points I in
fig. 11(a) and (4) are identical, being the point where the arbitrarily polarized incident
wave-packet is split into the two characteristically polarized wave-packets, neverthe-
less the points R in fig. 11(a) and (b) where the two characteristically polarized wave-
packets leave the ionosphere are not identical. )

The integral on the right-hand side of (12), which is required for calculating the
equivalent path ¢f of a characteristically polarized wave-packet, may be discussed in the
same way as the integral on the right-hand side of (13), which gives the horizontal
displacement y of the wave-packet.* _

The phase-rays of fig. 8 are redrawn on the right-hand side of fig. 11. The points ¢, ,
d, a, e, b of the phase-rays correspond to and are at the same levels as the points /, R, D,
A, E, B of the group-rays. Now it will be remembered that the phase-rays merely
indicate for each level in the ionosphere both for the upward and downward journeys
the directions in which individual wave-crests are moving across the wave-packets
when situated at that level. For each of the selected positions of the wave-packet along

(21)

* Cf. Goubau 1934, whose method of calculating the integrand on the right-hand side of (12) and of
performing the numerical integration is not quite so convenient (or accurate) as that suggested here.
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the group-ray IDAR in fig. 11(a) we have therefore indicated by an arrow the direction
in which, according to the phase-ray idar, individual wave-crests are travelling across
the wave-packet. When the wave-packet enters the ionosphere at 7 individual wave-
crests are moving with the same velocity and in the same direction as the wave-packet
as a whole, so that they are stationary relative to it. But as the wave-packet travels
upwards into the ionosphere the direction of motion of individual wave-crests ceases
to be identical with the direction of motion of the wave-packet as a whole (cf. fig. 9).
At a point on the group-ray between / and D in fig. 11(a) the direction of motion of
individual wave-crests across the wave-packet is more inclined to the vertical than the
direction of motion of the wave-packet as a whole. When the wave-packet has reached
the point D, individual wave-crests are travelling across it horizontally although the
wave-packet as a whole is still moving upwards. Along the portion D4 of the group-ray
the direction of motion of the wave-packet as a whole continues to slope upwards in
spite of the fact that the direction of motion of individual wave-crests across it is now
sloping downwards. After the wave-packet has passed its highest point 4, both the
direction of motion of the wave-packet as a whole and the direction of motion of
individual wave-crests across it have downward slopes, which tend to identity as the
wave-packet approaches the point R where it leaves the ionosphere. There is a corre-
sponding interpretation of fig. 11(b): when the wave-packet is between B and E its
direction of motion as a whole has a downward slope whereas the direction of motion
of individual wave-crests across it has an upward slope.

4. LATERAL DEVIATION

The group of waves represented by the integral (10) does not represent a wave-packet
which is limited in all directions. The reason for this is that the directions of incidence
upon theionosphere of the component wavesin (10), although grouped around a certain
mean direction of incidence, nevertheless all lie in the yz-plane. Consequently (10)
represents a wave-packet which is limited in all directions in the yz-plane but is infinite
in the direction perpendicular to the yz-plane, that is, a wave-packet which, instead of
being concentrated in the neighbourhood of a single point moving towards the iono-
sphere in the yz-plane, is concentrated in the neighbourhood of a line perpendicular to
the yz-plane moving at right angles to its own length. The group-rays shown in fig. 11
are the loci of the intersections of such lines with the yz-plane.

Letus now add to the group some waves whose frequencies and directions of incidence
are grouped around the same mean frequency and mean direction of incidence as those
of the waves already present but whose directions of incidence nevertheless do not lie
quite in the yz-plane. These new waves interfere with the waves already present in such
a way as to destroy the wave-packet except in the neighbourhood of a single point
moving towards the ionosphere parallel to the yz-plane. The wave-packet is now limited
in all directions, and, by proper adjustment of the phases of the newly introduced waves,
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its line of travel before entering the ionosphere may be made to lie actually in the yz-
plane. When this wave-packet enters the ionosphere its direction of motion as a whole
in general ceases to coincide with the direction of motion of individual wave-crests
across it. This means that, although the direction of motion of individual wave-crests
continues to be parallel to the yz-plane, the wave-packet as a whole does not in
general remain in the yz-plane. It suffers lateral deviation and follows a twisted (non-
planar) path through the ionosphere, which it ultimately leaves in a plane parallel to,
but not in general coincident with, the yz-plane. The curves on the left-hand side of
fig. 11 are the projections on to the yz-plane of these twisted paths traced out by the
motion through the ionosphere of wave-packets limited in all directions. Thus the full
effect of the earth’s magnetic field in general is not only to make the curves of fig. 11
asymmetrical but also to deviate the characteristically polarized wave-packets laterally
out of the plane of incidence.* An expression for the horizontal displacement of a wave-
packet perpendicular to the yz-plane similar to the integral (13) for the horizontal
displacement parallel to the yz-plane may easily be deduced, but it has been omitted
from the present paper for the sake of simplicity. }

Considerations of symmetry with respect to the magnetic meridian-plane show that
there can be no lateral deviation for propagation in the magnetic meridian-plane
(north-south transmission). Nor can there be any net lateral deviation when the plane
of phase-propagation is perpendicular to the magnetic meridian-plane (east-west
transmission) : although the characteristically polarized wave-packets do in general
leave the plane of incidence on their upward journeys through the ionosphere, they
nevertheless return to the plane of incidence on their downward journeys. A character-
istically polarized wave-packet incident vertically upon the ionosphere is in general
deviated sideways in the magnetic meridian-plane during its upward journey through
the ionosphere. It retraces its steps along the same path, however, on its downward
journey. This may be regarded as lateral deviation in a degenerate case of east-west
transmission, or as asymmetry of the group-ray in a degenerate case of north-south
transmission.

5. EFFECT OF DAMPING

Throughout the above discussion of propagation through the ionosphere we have, for
the sake of simplicity, completely neglected the effect of collisional damping. Let us now
examine the effect of taking such damping into account. We know from the magneto-
ionic theory as developed by Appleton (1932) for the case of vertical incidence that
the introduction of collisional damping makes the coeflicients , y and ¢ in the quadratic
equation (6) for ¢? complex, and in § 7 we shall see that the same is true for the

* The existence of such lateral deviation has been pointed out by Baker and Green (1933), whose
statements concerning its effect are not however correct.
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quartic equation (7) for ¢ in the general case of oblique incidence. When damping is
taken into account, therefore, the roots of (7) are always complex, which appears to make
the right-hand sides of (12) and (13) also complex. This obviously cannot mean that the
time of flight and horizontal range of a wave-packet are complex, and so it is necessary
to reconsider our interpretation of equations (12) and (13).

Hitherto we have supposed that a wave-packet composed of a group of waves having
a given mean frequency kc¢/2m and a given mean angle of incidence sin~!§ leaves the
origin at time zero, and we have regarded (12) and (13) as giving the position (y, z) of
the wave-packet at a later time ¢ The relations between y, z and ¢ depend of course
upon the given values of £ and S, which occur in the right-hand sides of (12) and (13)
as parameters. Let us now suppose however that it is the values of y, z and ¢ which are
prescribed and let us imagine that (12) and (13) are solved for £ and . These values of
k and § give the mean frequency and mean angle of incidence which a wave-packet
leaving the origin at time zero must have in order to reach the point (y, z) at time ¢. If
damping is now taken into account, the value of ¢ occurring in the right-hand stdes of
(12) and (13) becomes complex. This means that for real values of y, z and ¢ the values
of k£ and § obtained by solving (12) and (13) also become complex. Consequently the
wave-packet as received at the point (y, z) at time ¢ is a portion of a wave of the form

exp{ik(ct—-Sy—~ f :qdz)}, | (22)

with complex values of £ and §. The complex nature of £ and § indicates a variation of
amplitude with ¢ and y in addition to the variation of amplitude with z resulting from
the complex nature of q. '

Now it seems unlikely that, owing to the effect of damping in the ionosphere, it is
necessary in practice to take into account the complex nature of the values of £ and §
associated with a downcoming wave-packet received at the surface of the earth, and
this may be verified by expressing the conditions that the contributions of the imaginary
part of ¢ to theright-hand sides of (12) and (13) are negligible compared with those of the
real part. At vertical incidence we derive in this way the condition that the percentage
variation of the amplitude reflexion coefficient with frequency per kilocycle per second
due to variation of absorption with frequency should be negligible compared with twice
the equivalent path measured in kilometres. This condition is abundantly satisfied under
all conditions when radio exploration of the ionosphere is possible with present equip-
ment. We feel confident that collisional damping hasno detectable effect upon the path
or time of flight of wave-packets in the ionosphere and may be omitted from
equations (12) and (13).

Since we are now convinced that the values of £ and S'in (22) may be regarded as real,
the only variation of amplitude to be considered arises from the imaginary part of g.
If in (22) we put
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where £ and 7 are real, we see that the phase-propagation of a magneto-ionic component
is given by the factor

exp{ik(cthy— f :gdz)}, (24)

while there is in addition a spatial variation in the amplitude of the wave represented
by the factor

exp(k f :77 dz). (25)

7 is negative for an upgoing wave and positive for a downcoming wave. It should be
noticed that the surfaces of constant amplitude given by the factor (25) are horizontal
planes, and do not in general coincide with the surfaces of constant phase given by (24):
the attenuation of a wave has to be calculated by integrating the imaginary part of ¢
vertically even in the case of oblique incidence.

In order to evaluate the attenuation suffered by a wave in the ionosphere, it is often
convenient to divide the ionosphere into a deviating region and a non-deviating region,
the latter being situated below the former. The non-deviating region is one in which
propagation can be considered rectilinear butin which absorption may not be negligible.
In this region there is no appreciable variation with height in the angle between the
direction of propagation of the wave and the direction of the earth’s magnetic field, and
consequently the main difficulty which the technique of the present paper was developed
to overcome is non-existent. The attenuation suffered by a magneto-ionic component
in the non-deviating region of the ionosphere may be calculated by integrating
the imaginary part of Appleton’s complex refractive index along the oblique rectilinear
path of the component in the non-deviating region, and this is true in spite of the fact
that the planes of constant amplitude do not coincide with the planes of constant
phase.

In the deviating region of the ionosphere the following method is available for
calculating the integrand of (25). Reflexion from the ionosphere is only appreciable
provided the effect of damping in the deviating region is sufficiently small (see p. 429).
In these circumstances Newton’s method of correcting approximate roots of equations
may be used to deduce the roots of the quartic equation (7) from the roots which are
obtained when damping is entirely neglected and which are represented by the curves
IA, RA, IB, RBin fig. 7. Let ¢ now denote, not as in (23) a root of (7) for the case when
damping is taken into account, but a root of (7) for the case when damping is entirely
neglected. Let { be the small complex correction to this root necessitated by the intro-
duction of a small amount of damping; the root then becomes

E+in=q+¢. (26)

Let a, f, 7, § and ¢ be the (real) coefficients in the quartic equation (7) when damping
is entirely neglected, and let ia’, f’, 1y’, i0" and i’ be the small corrections to these
coefficients when a small amount of damping is taken into account. o', f’,y’, 0" and ¢’ are

VoL, CCXXXVII. A. 54
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real and depend upon the electron density, the earth’s magnetic field, the frequency of
electronic collisions, the wave-frequency and the angle of incidence in a manner which
will be investigated in § 7. The quartic equation (7) for the case when damping is entirely
neglected is therefore

aq' +h¢+yq* +dg+e =0, (27)
and for the case when a small amount of damping is taken into account is

(atia) (q+)*+ (F+1") (¢+8)°+ (y+iy") (¢+8)*
F(O+i8) (40 + (e+ie) —0.  (28)
If we subtract (27) from (28) and retain only the terms of the first order of magnitude,

we obtain without difficulty
A A Al e

= T g T3P g1 (29)

This is a pure imaginary, and so we deduce from (26) that
£E=14¢ (30)
B _06'94+/5)/93+"}"‘]2+5lq—|-€f (31)

T T s 3 2yq S

(30) implies that the propagation of phase in the ionosphere is unaffected by the
introduction of a small amount of damping. (31) gives, in terms of the roots of the
quartic equation (7) for the case when damping is entirely neglected, the quantities
which, in accordance with (25), have to be integrated with respect to height in order
to calculate the attenuation suffered by the magneto-ionic components in the deviating
region of the ionosphere. Corresponding to the four roots of (7) which are obtained
when damping is entirely neglected and which are represented by the curves /4, R4,
IB, RBin fig. 7, there are four values of  which refer respectively to the upgoing extra-
ordinary wave, the downcoming extraordinary wave, the upgoing ordinary wave and
the downcoming ordinary wave. To calculate the total attenuation of the extraordinary
wave in the deviating region we have to integrate 7 with respect to height up to the level
where the electron density has the value N, in fig. 7, using the value of 5 corresponding
to the upgoing extraordinary wave and then down again using the value of # corre-
sponding to the downcoming extraordinary wave. A similar procedure has to be
followed for the ordinary wave.

6. VALIDITY OF THE RAY THEORY

In the present paper we are assuming the validity of the ray theory of propagation of
wireless waves through the ionosphere. This is an assumption which requires a good deal
more discussion when the earth’s magnetic field is taken into account than in the simple
case of an isotropic medium. The problem has been investigated elsewhere (Booker
1936), and it turns out that, provided the variation in the constitution of the ionosphere
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with height, per vacuum wave-length upon 2, is small, the wave-function of a magneto-
ionic component may legitimately be taken in the form (9) so long as the root of the
quartic equation (7) for ¢ occurring in (9) is not approximately equal to another root
of this quartic. Two roots of the quartic (7) are said to become approximately equal
when their difference ceases to be large compared with their rates of change with height
per vacuum wave-length upon 27.

Let us assume that the variation in the constitution of the ionosphere with height
is small enough to insure the validity of the ray theory in general and let us consider the
significance of the exceptional strata where the quartic equation (7) for ¢ has a double
root. At the point 4 in fig. 7 the root of (7) corresponding to the upgoing extraordinary
wave is equal to the root corresponding to the downcoming extraordinary wave.
Hence, in the neighbourhood of the height where the electron density has the critical
value N, corresponding to the point 4 in fig. 7, there exists a stratum within which
the difference between the values of ¢ for the upgoing and downcoming extraordinary
waves is not large compared with their rates of change per vacuum wave-length upon
2m. Consequently the ray theory fails to describe the propagation of the extraordinary
wave in this stratum and the wave-function fails to be of the form (9). This is simply
because reflexion of the extraordinary wave is actually taking place in this stratum
where the value of ¢ for the upgoing extraordinary wave is approximately equal to the
value of ¢ for the downcoming extraordinary wave. Similarly, in the neighbourhood
of the height where the electron density has the critical value N, corresponding to the
point B in fig. 7, there is a stratum within which the ray theory ceases to describe the
propagation of the ordinary wave owing to the fact that the wave is in process of being
reflected. To describe what is actually happening within a reflecting stratum it is
necessary to obtain a more exact solution of the electromagnetic equations than that
upon which the ray theory is based. This has been done (Gans 1915; Hartree 19315)
under certain simplifying restrictions, and, so long as damping may be neglected, it
appears that, although the ray theory fails to describe even approximately what is
actually happening within a reflecting stratum, nevertheless it does give practically
the right expression for the reflected wave.

If the effect of damping is now taken into account, a complication arises from the fact
that the values of g corresponding to the upgoing and downcoming waves, being com-
plex, no longer attain actual equality, with the result that reflexion becomes partial
instead of total. So long as the difference between the two values of ¢ decreases to a
value small compared with their rates of change per vacuum wave-length upon 27,
reflexion may still be considered total. But if the difference between the values of ¢
decreases only to a value comparable with their rates of change per vacuum wave-
length upon 27, reflexion is only partial. If the effect of damping is so marked that
the value of ¢ for the upgoing wave always differs from the value of ¢ for a downcoming
wave by an amount large compared with their rates of change per vacuum wave-length
upon 2w, no question of reflexion of the upgoing wave arises: it simply travels
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upwards until it is absorbed. Calculation of the precise value of the reflexion coefficient
in a case when the effect of damping is such that the partial reflexion phenomenon is
important requires a more exact solution of the electromagnetic equations than that upon
which the ray theory is based. The fact that reflexion is only partial when damping is
taken into account means that the attenuation to be associated with the reflecting
stratum should be considered somewhat greater than that given by simple integration
of the imaginary part of ¢ up to, and down again from, the level where the difference
between the values of ¢ for the upgoing and downcoming waves is a minimum. If how-
ever we use in the reflecting stratum the approximate formula (31) for the imaginary
part of ¢, a slight error is made which tends to compensate that arising from neglect of
the partial reflexion phenomenon.

————— -
- -~
- -

cos 6 ~a

4
s
,/
-cosO kR - /

F1c. 13. ¢ as a function of N. Fic. 14. A group-ray.

Although throughout the above discussions we have found it convenient, in the case
when damping is neglected, to take the roots of the quartic equation (7) for ¢ to vary with
electron density in the manner shown in fig. 7, it should be understood that the (¢, N)
curves are by no means always of this particular form. Another form which the (¢, V)
curves can take is shown in fig. 13. The root of the quartic equation (7) for ¢ corre-
sponding to the upgoing ordinary wave is here represented by the curves IB and 4,4,,
while the root corresponding to the downcoming ordinary wave is represented by the
curves RB and 4,4,. Between B and A, the values of ¢ corresponding to the ordinary
wave are conjugate complex quantities. The roots of the quartic for ¢ corresponding to
the upgoing and downcoming extraordinary waves are represented by /4, and R4,
respectively. At 4, a root of (7) corresponding to the upgoing extraordinary wave
becomes equal to a root corresponding to the downcoming ordinary wave, and in
consequence an upgoing extraordinary wave-packet, on reaching the level in the
ionosphere where the electron density is that corresponding to the point 4,, is reflected,
and is subsequently propagated in the manner of a downcoming ordinary wave-packet.
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At 4, a root of (7) corresponding to the downcoming ordinary wave becomes equal to
a root corresponding to the upgoing ordinary wave, so that, when the downcoming
wave-packet has descended to the level in the ionosphere where the electron density is
that corresponding to the point 4,, it is again reflected and travels up to the level where
the electron density is that corresponding to the point 4;. Here a root of (7) corre-
sponding to the upgoing ordinary wave becomes equal to a root corresponding to the
downcoming extraordinary wave, and in consequence the upgoing wave-packet is
reflected for the third time and thereafter resumes the type of propagation appropriate
to the extraordinary wave. The path followed by the wave-packet is therefore of the
form shown in fig. 14. The arrows indicate as in fig. 11 the directions in which in-
dividual wave-crests are travelling across the wave-packet in various positions. Between
A, and 4,, because ¢ is positive, the direction in which individual wave-crests are
travelling across the wave-packet is sloping upwards although the direction of motion of
the wave-packet as a whole is sloping downwards. Between D and 4, because ¢ is
negative, the direction in which individual wave-crests are travelling across the
wave-packet is sloping downwards although the direction of motion of the wave-packet
as a whole is sloping upwards. The justification for this interpretation of the (¢, N) curve
14,4,DA,R in fig. 13, and for a number of other statements in this section, is to be
found in the paper already referred to (Booker 1936).

We have seen that strata within which the ray theory breaks down because a root
of the quartic equation (7) for ¢ corresponding to an upgoing wave is approximately
equal to a root corresponding to a downcoming wave are associated with the pheno-
menon of reflexion. We now turn our attention to a totally different phenomenon
that is associated with strata within which the ray theory breaks down either because
a root of the quartic for ¢ corresponding to the upgoing ordinary wave is approximately
equal to a root corresponding to the upgoing extraordinary wave, or because a root
corresponding to the downcoming ordinary wave is approximately equal to a root
corresponding to the downcoming extraordinary wave. In strata such as these the
phenomenon is one of breakdown in the independence of propagation of the magneto-
ionic components.

For waves incident vertically upon the ionosphere at the magnetic equator
propagation of one of the magneto-ionic components is entirely unaffected by the pre-
sence of the earth’s magnetic field. It is this magneto-ionic component which is called
the ordinary wave, the other being called the extraordinary wave, and it is by continuity
with this special case that the four roots of the quartic equation (7) for ¢ are in general
classified for each level in the ionosphere into an upgoing ordinary wave, an upgoing
extraordinary wave, a downcoming ordinary wave and a downcoming extraordinary
wave. If in the special case of vertical incidence at the magnetic equator these four
roots are plotted as functions of height, it turns out, as one would expect, that the root
corresponding to the upgoing ordinary wave at any one level in the ionosphere is con-
tinuously connected to the root corresponding to the upgoing ordinary wave at any
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other level in the ionosphere, and likewise for the other three roots. Now it might be
thought that this continues to be true for any angle of incidence and any direction of the
earth’s magnetic field, but this is not so. It can happen for instance that, as we pass
away from the special case of vertical incidence at the magnetic equator, the two roots
corresponding to the upgoing ordinary wave and the upgoing extraordinary wave for
a certain level z = z, in the ionosphere become equal and then separate again. After
passing through this transition condition the situation is (cf. Booker 1934, fig. 8 and 1936,
fig. 4) that the root corresponding to the upgoing ordinary wave for z< z, is con-
tinuously connected to the root corresponding to the upgoing extraordinary wave for
z>>z;, while the root corresponding to the upgoing extraordinary wave for z<'z; is
continuously connected to the root corresponding to the upgoing ordinary wave for
z>z,. If in these circumstances an upgoing ordinary wave-packet passes the level
z=z,, it thereupon acquires the propagation characteristics of the upgoing extra-
ordinary wave; if the wave-packet subsequently returns to the surface of the earth, it
does so as an extraordinary wave-packet unless as a result of a second transition it
regains the propagation characteristics of the ordinary wave. A wave-packet which has
the propagation characteristics of the ordinary wave both on entering and on leaving
the ionosphere is often called an ordinary wave-packet throughout its entire journey
through the ionosphere even though along part of its path it is propagated like an
extraordinary wave-packet. An example of this is provided by an ordinary wave-
packet incident vertically upon the ionosphere at a magnetic pole. In this case the
upgoing ordinary wave-packet acquires at a certain level in the ionosphere the
propagation characteristics of the extraordinary wave and as a result is reflected at
a level which in the case of vertical incidence at the magnetic equator would be the
level of reflection of the extraordinary wave; on its downward journey through the
ionosphere the wave-packet regains at a certain (the same) level the propagation
characteristics of the ordinary wave (cf. Ratcliffe 1933, fig. 6, and Booker 1934,
figs. 10-15). In the same way a wave-packet which has the propagation characteristics
of the extraordinary wave both on entering and on leaving the ionosphere is con-
veniently called an extraordinary wave-packet throughout its entire journey through
the ionosphere even though along part of its path it is propagated like an ordinary
wave-packet. An example of this is provided by figs. 13 and 14.

What actually happens under transition conditions is as follows. Suppose that at a
certain angle of incidence 0 = 0, the values of ¢ for the upgoing ordinary wave and
the upgoing extraordinary wave are equal at the level z = z,. Then when / = §,. there
is in the neighbourhood of the level z = z, a stratum within which the difference
between the values of ¢ for the upgoing ordinary wave and the upgoing extraordinary
wave is not large compared with theirrates of change per vacuum wave-length upon 27.
Consequently the independence of propagation of the upgoing magneto-ionic compo-
nents breaks down within this stratum: an incident upgoing ordinary wave-packet
below this stratum produces above the stratum a pair of transmitted upgoing wave-
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packets, one of which has the propagation characteristics of the ordinary wave and the
other of the extraordinary wave. As ¢ varies from @, the difference between the values
of ¢ at z = z, for the upgoing ordinary wave and the upgoing extraordinary wave
increases from zero. Simultaneously the amplitude of one of the transmitted wave-
packets decreases, and it becomes negligible when the difference between the two values
of ¢ becomes large compared with their rates of change per vacuum wave-length upon
2m. The important point is that, if the transmitted wave-packet whose amplitude
becomes negligible as ¢ decreases from 0 1s, say, the one whose propagation character-
istics are those of the ordinary wave, then the transmitted wave-packet whose amplitude
becomes negligible as ¢ increases from 6, is the one whose propagation characteristics
are those of the extraordinary wave. Consequently as ¢ decreases through 0, the wave
transmitted through the stratum in the neighbourhood of z = z; due to an incident
ordinary wave passes from an ordinary wave to an extraordinary wave via a linear
combination of both. When ¢ differs sufficiently from 0, there is no stratum near
z = z,where the independence of propagation of the magneto-ionic components breaks
down, but for § <0, an upgoing ordinary wave-packet acquires at the level z = z, the
propagation characteristics of the extraordinary wave whereas for § >0, it retains those
of the ordinary wave. This does not mean that for §<0, the upgoing wave-packet
suffers any discontinuity at z = z;: the discontinuity is only one of nomenclature, but
even so is by no means without significance. It is, of course, possible to pass through a
transition condition by variation of parameters other than the angle of incidence, such
as for example the frequency (cf. Booker 1935, p. 275). It should be emphasized that
there can be no question of reflexion being associated with a stratum in which the
independence of propagation of the magneto-ionic components breaks down, unless of
course three roots of the quartic equation (7) for ¢ are approximately equal in the
same stratum.

We notice thatin fig. 7 the two roots of the quartic equation (7) for g corresponding to
the upgoing ordinary and upgoing extraordinary waves become equal at the point /,
while the two roots corresponding to the downcoming ordinary and downcoming
extraordinary waves become equal at the point R. This means that near the bottom of
the ionosphere, where the electron density is small, the independence of propagation of
the magneto-ionic components should break down. However, as has been shown else-
where (Booker 1936), the essential problem associated with this region of low ioniza-
tion density is to locate the stratum which divides the doubly refracting region of the
ionosphere from the region where the electron density is so low that the medium must
be regarded as isotropic. This stratum is actually located where the difference between
the two values of ¢ corresponding to the upgoing or downcoming magneto-ionic
components (at vertical incidence the two complex refractive indices) is of the same
order of magnitude as their rates of change per vacuum wave-length upon 27. Itisin
this stratum that thelimiting polarization of the downcoming magneto-ionic components
is determined. If the region of low electron density near the bottom of the ionosphere
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is one which produces little refraction and is mainly effective in producing absorption,
the stratum dividing the isotropic from the doubly refracting region of the ionosphere
is located where the difference between the absorption indices of the two magneto-
ionic components is of the same order of magnitude as their rates of change per vacuum
wave-length upon 27.

7. THE GENERALIZED MAGNETO-IONIC THEORY

The foregoing discussion of propagation of wave-packets incident obliquely upon
the ionosphere has been based upon the quartic equation (7) for ¢ without knowing
precisely the way in which the coeflicients in this equation depend upon the electron
density, the earth’s magnetic field, the frequency of electronic collisions, the wave-
frequency and the angle of incidence. This is because, although we have employed the
terminology of the ionosphere throughout, much of the above discussion is applicable to
any slowly varying plane-stratified doubly refracting medium. We have now reached
the stage however when we must actually evaluate by the method described in § 2 the
coeflicients in the quartic equation (7) for ¢ appropriate to a medium composed of
ionized air under the influence of the earth’s magnetic field. We shall suppose that it is
only the free electrons in the ionized air which directly affect the propagation of wireless
waves through the ionosphere.

In order to investigate the magneto-ionic theory we shall require the following
notation:

¢ = charge on an electron (e.s.u.). ¢ is negative for negative electrons.
m = mass of an electron.
N = electron density (number of free electrons per unit volume).
H° = carth’s magnetic field (e.m.u.).
v = mean frequency of collisions between a free electron and neutral air molecules.
p = k¢ = 2m times wave-frequency.
py = | eH°/me| = 2m times the magneto-ionic frequency.
x = (4me?/mp?) N.
y — (efmep) H°.

y=1y| = pulp.

z =1v/p.

u=1-—1iz.
Po = —Ulx.

P = —Y/x.

0 = angle of incidence.
S = sind.

C = cosd.

p=1/(¢*—C*#]e|.
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It should be noted that x, y and z are respectively proportional to the electron density,
the earth’s magnetic field, and the collisional frequency. p, is the reciprocal of the
scattering index of the free electrons in an ionized gas when no magnetic field is
imposed. Following Darwin (1934) we shall not apply Lorentz’s correction to the theory
of dispersion in an ionized gas*; the correction would require the addition of a term 4x
to the definition of ». It may be mentioned that the derivation in this section may be
regarded as covering the case of a medium in which the electrons are not free, but
possess a natural angular frequency of vibration w. The extension would be effected
merely by adding to the definition of # not only the term 4x but also a term — (w/p)2.
In order to avoid confusion with the quantities #, ¥ and z just defined, we shall now
take the Cartesian coordinates to be (x;, %5, x;). Take axis-3 vertically upwards and the
23-plane as the plane of phase-propagation. Let the polarization vector and the electric
intensity of a magneto-ionic component be (cf. (4)) the real parts of
P = A exp{tk(ct—Sx,— qx3)},]> (32)
E = B exp{ik(ct— Sx,— gx,)}, |
where A and B are constant vectors. Even though we are concerned with a medium
containing unbound electrons, we may represent flow of charge in the medium by
the time derivative of a polarization vector. Take Maxwell’s equations in the form

curl H =7 (B + 47P),

(33)
curl E = —%I:I.
Elimination of H between these gives
curl curl E = — (B 4nP),
which is the same thing as
V2E —grad divE — C% (B -+ 47B) = 0. (34)

When P and E depend on time and space in the manner given by (32), (34) becomes
(C?—¢%) E\+4nPy = 0,
(1—¢?) Byt SqE, +4nP, — 0, (35)

SqE,+ C?2E,+ 4nPy = 0,
or, solving for E, .
E, = 4mpP,,

E, = 4m{C?pP,—SqpPs}, (36)
Ey = 4n{—SqpP,+ (S’p—1) P4}.

* Recent observations (Booker and Berkner 1938) indicate however that it may be necessary to
include this correction.

Vor. CCXXXVII. A. 55
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If we neglect the force exerted on an electron by the magnetic field of the wave, the
constitutive relation between P and E is

P-+vP — (Ne2/m) E+ (¢fme) P A HO. (37)
When P and E depend on time in the manner given by (32), (37) becomes
—uP = (x/4m) E4-iP Ay, (38)
or, solving for E, E = 4n{p,P +iP Ap}. (39)
On equating the expressions (36) and (39) for E, we obtain
(po—p) Py+ 1psPy— 1pyPy = 0,
—ipsPi+ (po—=Cp) Pyt (ip1+-Sgp)Ps = 0, (40)

ipoPy -+ (—ipy +:540) Pyt (py—S%p+1) Py = 0.
The first and second of equations (40) give
P, P, —P,

2 _ ; ,
p3(tp;+S8qp) +po(po—C%) — (po—p) (1o, +S9p) +-pops  (Po—p) (po—C?0) —p3

and substitution into the third gives, on reduction,

(Pot+1) (po—p)*— (1 +C2p3+5%03) (po—p) —{S%00p3+ (CPpo+1) 5} = 2p2p5Sqp.  (42)

Substituting for the p’s in terms of ¢, 4, x and y, (41) becomes

P
[y5{19,(4* — C) = Sxq}+yafu(q® — C?) + C2xj] (42— C?)
—_ P2
{u(g?— C%) + 21 {y, (¢ — C*) = Sxg5 + 9, 5(¢* — C?)
= P , (43)
W= ) Tl — ) + O — (a7 O
while (42) takes the form of the quartic equation (7) for ¢, viz:
gt +pg’ +yq*+9q+e = 0, (44)
where a = u(u?—y?) —x(u®—y3), (45)
B = 25xy,ys, (46)
y = 20{C%?— (u—x) (CPu—x)} —x{y? + C?3+ (14 C%) 3}, (47)
0 = —2C%Sxy,ys, (48)
¢ = (u—x) {(CPu—x)?— Cly3}— C*(CPu—x) (7 +43)- (49)

With these values of «, £, y, § and ¢ (44) is the fundamental quartic equation of the oblique
incidence magneto-ionic theory. Its four roots correspond to the upgoing ordinary
wave, the upgoing extraordinary wave, the downcoming ordinary wave and the down-
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coming extraordinary wave. The elliptical polarization of each of these four waves is
obtained by substituting the appropriate value of ¢ into (43).

When the effect of damping is neglected, the quantity # occurring in (45)—(49) is
simply unity and we have

o= (1—y*) —x(1—43), (50)
B = 25xy,ys, (51)
y = 2{C%?— (1—x) (C*—x)} —2{yf + C?%5+ (1+C?) y3}, (52)
0 = —2C%8xy,ys, (53)
¢ = (L—x) {(C°—x)>— Cy5}— C*(C*—x) (y1+3)- (54)

When the effect of damping is taken into account, the quantity « occurring in (45)—(49)
becomes 1 —:z. The first order corrections to (50)—(54) required when a small amount
of damping is taken into account are i, #f’, 1y’, 18’ and i¢’, where

o — —z{(3—y?) 21, (55)
B =0, (56)
y' = 2z{CH3—y?) —2(1 4 C?) x+x7%}, (57)
& =0, ' (58)
¢ = —z{C*(3—y?) —2C?*(2+C?) x+ (1 42C?) x%}. (59)

We notice that f” and §’ vanish, while &', " and ¢’ are real and are independent of the
direction of the earth’s magnetic field.

8. NUMERICAL SOLUTION OF THE GENERAL CASE

From §§ 2-7 we see that study of the propagation of wireless waves through a slowly
varying plane-stratified ionosphere under the influence of the earth’s magnetic field
reduces to an examination of the way in which the four roots of the quartic equation (44)
for ¢ vary with height above the surface of the earth. Suppose that we know the way in
which the electron density and the collisional frequency vary with height. Suppose also
that we are dealing with a region of the atmosphere which is sufficiently limited to be
able to neglect the variation from point to point in the magnitude and direction of the
earth’s magnetic field. Then in (45)—(59) y, S and C are to be regarded as prescribed
constants, while x and z are known functions of height; our problem is to examine the
consequent dependence upon height of the four values of ¢ given by (44).

Although there exist analytical methods of solving an algebraic quartic equation,
the only practical way of setting about this problem in general is to resort to one of the
standard numerical methods (see for example Whittaker and Robinson 1932). A con-
venient way of doing this is first of all to neglect completely the effect of damping and to
examine the dependence of the four resulting values of ¢ upon electron density, that is,
to put z = 0 and plot ¢ as a function of x, which is proportional to N, thus obtaining

55-2
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curves of the type shown in fig. 7. If in this way we can obtain the roots of (44) for the
case when damping is neglected, it would then be possible to take into account the effect
of damping in the way described in §5; the values of a, £, 7, 6, ¢, &/, ', y', &’ and ¢’
required in (31) are given by (50)—(59).

We know that, owing to the effect of the earth’s magnetic field in producing asym-
metry between the propagation of the upgoing and downcoming waves, the (g, N)
curves are in general asymmetrical with respect to the N-axis. In the same way the
(g, x) curves are in general asymmetrical with respect to the x-axis. To illustrate this
phenomenon clearly let us consider a case in which the direction of incidence is parallel
to the earth’s magnetic field and the direction of reflexion perpendicular to it. This
occurs at an angle of incidence of 45° for propagation in the magnetic meridian-plane
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Fic. 15. ¢ as a function of 1, y < 1.

in latitudes where the magnetic dip is -45°. Let us therefore draw the (g, x) curves
for the case when

Y1=0, yo=ys=+y/J/2, S=C=1}/2 (60)
Fig. 15 shows the (g, x) curves obtained for a wave-frequency twice the magneto-ionic
frequency (y = %), and fig. 16 those for a wave-frequency half the magneto-ionic
frequency (y = 2). IR, AR represent the upgoing and downcoming extraordinary
waves, while /B, BR represent the upgoing and downcoming ordinary waves. The
values x, and xj of x corresponding to the points 4 and B give the critical electron
densities required for reflexion of the extraordinary and ordinary waves respectively.
The values x;, and x; corresponding to the points 1) and £ give the electron densities for
which the directions of phase-propagation in the upgoing extraordinary wave and the
downcoming ordinary wave respectively are horizontal. We can now see how important
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it is to calculate the critical electron densities required for reflexion of the extraordinary
and ordinary waves from the values x, and x; of x, and not x;, and x,. In the case of the
ordinary wave in fig. 16 the electron density corresponding to the point B is about 18 9
greater than that corresponding to the point £} it is about 60 9, greater than it would be
in the absence of the earth’s magnetic field, when the critical electron density would be
given by ¥ = C? = }. The corresponding percentages for the ordinary wave in fig. 15
are 5%, and 30 9,, the influence of the earth’s magnetic field being less for the higher
frequency. We notice that the discrepancy between the electron density for which the
direction of group-propagation becomes horizontal and the electron density for which
the direction of phase-propagation becomes horizontal is less marked for the¢ extra-
ordinary wave than for the ordinary wave. This can be connected up with the fact

!
1+ 7N ~10
/// \
ckd X
q \\ q
B >~_ €
0 ! \\ 1 i { 0
E 1 D;(Z 3 4 x
‘A
7/
7
-~
-cKR_____ x—="
-1} _{-10
-0

F1c. 16. ¢ as a function of x, y> 1.

that the critical electron density required to reflect the ordinary wave in the case of
vertical incidence at a magnetic pole differs from what it is in the case of vertical inci-
dence at the magnetic equator, whereas the critical electron density required to reflect
the extraordinary wave is the same in both cases.

The branches of the (g, x) curves in figs. 15 and 16 occurring for values of x greater
than those which produce reflexion are of no interest so long as we are concerned with
waves incident from below upon an ionosphere the variation of whose constitution with
height, per vacuum wave-length upon 27, is small. The scale of ¢ for these branches of
the (g, x) curves has been reduced by a factor of ten.

It may be mentioned that, if the direction of incidence and the direction reverse to
that of reflexion are interchanged, the (g, x) curves are simply reflected in the x-axis.
For (44)-(49) show that reversal of the sign of S merely reverses the sign of ¢. This
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implies that at every level in the ionosphere on both the upward and downward
journeys the phase-propagation and the group-propagation of the separate magneto-
ionic components are simply reversed, while from (43) their absolute elliptical polariza-
tions in space remain unaltered.

Although the zeros and infinity of ¢ are not in general associated with the phenomenon
of reflexion, it is nevertheless helpful to be able to locate them easily when plotting
diagrams such as figs. 15 and 16. We see from (50) that, when the effect of damping is
neglected, a root of (44) is infinite when

a=(1-y%)—x(1—-y3) = 0,

that is, when x— 178 (61)
’ 1—43
Hence ¢ becomes infinite for only one value of ¥, and this value is independent of the
angle of incidence. (61) is positive unless |y; |<1<y.
When the effect of damping is neglected, there are three values of x for which ¢ = 0.
From (54) these are given by

e=(1—2) {(C?—2)*— Cly3}— C*(yi +473) (C?—2) = 0. (62)

This is a cubic equation for x, and in general the only practical way of solving it is to
resort to one of the standard numerical methods. There are, however, two special cases
in which there is a simple analytical solution. One is the case of east-west transmission:

when
Yo =0, yit+y3=1y%

the roots of (62) are  x=C? or }{1+C%?4 /(S*-+4C%?)}. (63)

The other is the case of north-south transmission in equatorial regions: when

Y =y3=0, Yy,= +y,

the roots of (62) are x=1 or C?%14+y). (64)
1
J 7
S?.
’ " el re "y o ‘ N T
Fic. 17. The zeros of ¢, y < 1. Fic. 18. The zeros of ¢, y> 1.

The nature of the dependence of the roots of (62) upon the angle of incidence is shown
in figs. 17 and 18 for wave-frequencies above and below the magneto-ionic frequency
respectively. The values of x for which ¢ = 0 are plotted horizontally against $? plotted
vertically. Fig. 17 refers to a wave-frequency twice the magneto-ionic frequency
(y = %) and fig. 18 to a wave-frequency half the magneto-ionic frequency (y = 2).
The broken curves refer to the special case of east-west transmission and are plotted
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from the values (63) of x, while the continuous curves refer to the special case of north-
south transmission in equatorial regions and are plotted from the values (64) of x.
Although in the general case the analytical solution of the cubic equation (62) appears
to be of little practical value, nevertheless we can prove that its three roots are real and
are represented in figs. 17 and 18 by curves lying in the three shaded regions, so that for
a given angle of incidence intervals of x within which the three zeros of ¢ must lie are
given by the intercepts of these shaded regions upon a horizontal line drawn for the
appropriate value of $2. We have for any of the values (63) of »

e =—S82C%3x, (65)
and for any of the values (64) of x
¢ — +S2CHyiyd) (66)

Hence, if ¢ does not vanish on the boundary of a shaded region, it has one sign on the
broken portion of the boundary and the reverse sign on the continuous portion, and
therefore vanishes along some line in the interior.

9. EAST-WEST TRANSMISSION

Although the analytical solution of the quartic equation (44) for ¢ appears to be of
little practical value in general, there are nevertheless some interesting special cases in
which (44) is actually a quadratic for ¢%; the analytical solution is then of considerable
value. This simplification occurs when f = ¢ = 0, which, according to (46) and (48),
occurs when either H; = 0, or H3 = 0, or § = 0. The first of these cases is that in which
the plane of phase-propagation is perpendicular to the magnetic meridian-plane
(cast-west transmission); the second is that in which the earth’s magnetic field is
horizontal (propagation in equatorial regions); the third is that of vertical incidence.
The last case may be included in the first for when incidence is vertical the plane of
phase-propagation is indeterminate and so axes 1 and 2 may be chosen to make H; = 0.
We shall examine the combined first and third cases in the present section, and the
second case in the following section.

When (44) is a quadratic for ¢2, (¢, ) curves of the type indicated in figs. 15 and 16
become symmetrical about the x-axis (cf. fig. 6), and it is then more convenient to draw
curves showing the variation of g2 with x (cf. fig. 5). On account of the symmetry which
we now have in the (g, x) curves, the zeros and infinity of ¢ (or ¢2), which are given by
(61) and (62), are double roots of (44) of the type to be associated with the phenomenon
of reflexion. Moreover, transitions of the type discussed on pp. 431 et seq. must occur in
pairs, one for the upgoing waves and the other for the downcoming waves, and so a
wave-packet which has the propagation characteristics of the ordinary wave when it
enters the ionosphere must necessarily have the propagation characteristics of the
ordinary wave when it leaves the ionosphere even though over part of its path it may
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be propagated like an extraordinary wave-packet. In order not to overlook the effect
of transitions it is desirable to plot, not the variation of ¢? with x when z = 0, but the
variation of lim ¢2? with .

z—>0
When the plane of phase-propagation is perpendicular to the magnetic meridian
plane (H; = 0), it is more convenient to go back to equations (41) and (42) and put
po = 0, rather than to put y, = 0 in (43) and (44). If we do this, we obtain

P _Po— P
(Po+1) (po—p)*— (P} +5%03) (po—p) — (C%pp+1) p3 = 0. (68)

Since p contains ¢2, (67) may be rearranged so as to express ¢ in terms of (P,/P;). Also
(68) is a quadratic equation for (p,—p) and in view of (67) may be rewritten as a quad-
ratic for (P,/P;). If we carry out these transformations and substitute for the p,, p; and
ps in terms of u, x, y, and y;, we obtain

X

2= 69
Ty )

(u—x) P§—2imy Py P+ (C?u—x) P? = 0, (70)

where my = (5+-5%3) (20 (11)

(P,/P,) represents the projection on to the 12-plane of the elliptical polarization of a
magneto-ionic component, and the two values of (P,/P,) given by the quadratic (70)
refer to the ordinary and extraordinary waves. The corresponding values of ¢? are
obtained by substituting the appropriate values of (P,/P,) into (69). The explicit
expression for ¢? in terms of x, ¥y, 5, 2, S and C'is

x(u—x)

u(u—x) — 51 +5%5) + V(1 + 5%5)* +y3(Cou—x) (u—x)}° 72)

P = C2—

where # is unity when damping is neglected and 1—iz when damping is taken into
account.

If we put $=0 and C=1 in (69)—(72), we recover the well-known relations
which apply to the special case of vertical incidence and which have been derived by
Appleton (1932). Methods for dealing with equations (69) and (70) in the case of vertical
incidence have been adequately discussed by a number of writers (already cited on
p. 413), and since these methods require little modification in the more general case of
east-west transmission there is no need to discuss them in detail here.

Typical curves showing the variation with x of lim ¢* are shown in figs. 19 and 20

z—>0
for wave-frequencies above and below the magneto-ionic frequency respectively.
Fig. 19 is drawn for a frequency twice the magneto-ionic frequency (y = §) and for
an angle of incidence of 45° (52 = C? = }). The series of curves shows the evolution of
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east-west transmission in going from the magnetic equator to a magnetic pole, that is,
as | y;/y | decreases from unity to zero and | y,/y | increases from zero to unity, or in other
words as the quantity | m, | defined in (71) decreases from infinity to $$%. The con-
tinuous curves refer to the ordinary wave and the broken curves to the extraordinary
wave. The infinity of ¢2 is given by (61) and the zeros by (63). We see that for east-west
transmission using wave-frequencies greater than the magneto-ionic frequency the
critical electron density required for reflexion of the extraordinary wave is given by

< x = H1+C2— /(S*+4C2%2)}, (73)
< . while that for the ordinary wave is given by

olm x = C2 (74)
e 58]
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F1c. 19. East-west transmission, y < 1.

The value (73) of x does not vary as we go from the magnetic equator to a magnetic pole so
long as thereis no variation in the angle of incidence or in the ratio of the wave-frequency
to the magneto-ionic frequency. The value (74) of x is entirely independent of the earth’s
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444 H. G. BOOKER ON PROPAGATION OF WAVE-PACKETS

magnetic field, so that for east-west transmission with a given angle of incidence the
critical electron density required to reflect the ordinary wave is the same as if the effect
of the earth’s magnetic field were neglected. The linear nature of the dependence of ¢?
upon ¥ for the ordinary wave in the case my = oo in fig. 19 shows that for east-west
transmission at the magnetic equator the entire propagation of the ordinary wave is
completely unaffected by the presence of the earth’s magnetic field ; it may be mentioned
that in this special case variation of the angle of incidence merely involves moving the
(g%, x) curves bodily parallel to the ¢?-axis.

We noticein fig. 19 that, as | mg | decreases through the value C$2/(1 4- C?), the ordinary
and extraordinary waves exchange their types of propagation for values of x greater
than 2C?/(1+ C?). This is because, when the effect of damping is taken into account, the
two complex values of g% corresponding to the ordinary and extraordinary waves are
equal when the two conditions

(75)

are satisfied; consequently the independence of propagation of the magneto-ionic
components breaks down in the neighbourhood of the conditions (75) and a transition
of the type described on pp. 431 ¢t seq. takes place. But since the value 2C?/(1-+ C?) of
x occurring in (75) in general exceeds the value C? of x required to reflect the ordinary
wave and therefore also the value (73) of x required to reflect the extraordinary wave,
it follows that the transition occurring under the conditions (75) is in general of no
practical significance. An exception occurs at vertical incidence when, with .§ = 0 and
C = 1, the critical electron density required to reflect the ordinary wave becomes that
corresponding to x = 1, while the transition conditions (75) become

x=1,

s
2zy;

_ (76)

The effect of the transition occurring at vertical incidence under the conditions (76)
has already been studied elsewhere (Booker 1934, 1935; Goubau 19354). When the
direction of the earth’s magnetic field becomes sufficiently near to the vertical to make
(cf. (75)) m3 cease to be appreciably greater than {CS5?/(1 4 C?)}2+ C%22 at the level in the
ionosphere where x = 2C?/(1+C?), and when simultaneously the angle of incidence
becomes sufficiently small to cause the level x = 2C?/(1+4C?) to be overlapped by the
stratum in the neighbourhood of the level ¥ = C? within which reflexion of the ordinary
wave is taking place, then the ordinary wave begins to penetrate this level and to be
reflected from the level where the electron density is given by

5= B 02 J(SH+ 4C%7)). (77)
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When the condition of vertical incidence at a magnetic pole is reached, the ordinary
wave is wholly reflected from the level (77), which then takes the simpler form x = 1+-y.
These remarks are subject of course to the restriction that the effect of damping is not so
marked as to obliterate reflexion for all practical purposes.

As the wave-frequency decreases to the magneto-ionic frequency, the values (61) and
(783) of x decrease to zero. When the thickness of the stratum in the ionosphere between
the zero (73) and the infinity (61) of ¢ becomes comparable with a vacuum wave-length
upon 27, the extraordinary wave begins to penetrate thisstratum,* penetration becoming
complete when the wave-frequency reaches the magneto-ionic frequency. Penetration
only begins however when y differs from unity by a quantity of the order of magnitude
of the rate of change of x(o«c N) with height per vacuum wave-length upon 27 near the
bottom of the ionosphere, and it must be remembered that when damping is taken
into account the extraordinary wave is strongly absorbed for wave-frequencies in the
neighbourhood of the magneto-ionic frequency (cf. Booker 1935, p. 282). For wave-
frequencies less than the magneto-ionic frequency (y>1), the value (73) of x is negative
and so has no physical significance. As the wave-frequency decreases through the
magneto-ionic frequency the value (61) of x also becomes negative, but with further
decrease of frequency itin general passes to a positive value via infinity and then refers to
the ordinary instead of the extraordinary wave. A typical example of the variation with
xof lim ¢? for awave-frequency less than the magneto-ionic frequency is shown in fig. 20.

z—>0
The figure actually refers to east-west transmission in a 2
latitude where the magnetic dip is +45° for a wave- g
frequency half the magneto-ionic frequency and for an
angle of incidence of 45°, that is, to the case when

o R
p )
/'
I
]
!
1
!
!/
/
/
/
4

>

-
7

’
&8

i= 22;2) =0, = 2,
Y=y =3¥% Y, y } (18)

$=C2=1.

The continuous curve refers to the ordinary wave and the -4
broken curve to the extraordinary wave. We see that for
east-west transmission using wave-frequencies less than the
magneto-ionic frequency the critical electron density re-
quired for reflexion of the ordinary wave is in general given
by (74), while that for the extraordinary wave is given by
(77). However, as the condition of vertical incidence at a magnetic pole is approached
a transition occurs under the conditions (75) and thereafter the ordinary wave is
reflected from the level (77) and the extraordinary wave is not reflected at all.

’

-2

{1+CVETT2C7).
/
’/

Fic. 20. East-west trans-
mission, y > 1.

* No possibility seems to exist of separate reflections from the upper and lower boundaries of the
stratum in the manner suggested by Saha and Rai 1937; this seems clear physically and may be
rigorously proved mathematically.

56-2
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10. PROPAGATION IN EQUATORIAL REGIONS

When the earth’s magnetic field is horizontal (H5 = 0), we put p; = 0 in (41) and
(42) and obtain (cf. (67) and (68))

By po—p (79)
P ipy

(P90 +1) (po—p)?— (P +C203) (po—p) —S%pop} = 0,
which may be rewritten as (cf. (69) and (70))

(80)

x (81)

2=C . ,
1 u—1y,(P5/Py)
(u—x) P3+2imySPy P+ uS?P} = 0,

(82)

where my = (43-+C23) /25y (83)

(Py/P,) represents the projection on to the 13-plane of the elliptical polarization of a
magneto-ionic component, and the two values of (P,/P,) given by the quadratic (82)
refer to the ordinary and éxtraordinary waves. The corresponding values of ¢? are
obtained by substituting the appropriate values of (P/P,) into (81). The explicit
expression for ¢? in terms of x, y,, ¥,, z, S and C'is

x(u—x)
w(u—x) —3(yi -+ C%3) + Ja(yi+C%3) + Syiu(u—x)}°

= O (54)
where # is unity when damping is neglected and 1—:z when damping is taken into
account.
The case of east-west transmission at the magnetic equator may be obtained by
putting
Y= 1Ly, Y2=y;=0

in either (84) or (72), and it is clear that the two formulae give the same result.
Typical curves showing the variation of ¢2 with x when damping is neglected are shown
in figs. 21 and 22 for wave-frequencies above and below the magneto-ionic frequency
respectively. Fig. 21 actually refers to propagation in equatorial regions in a plane
making an angle of 45° with the magnetic meridian-plane for a wave-frequency twice
the magneto-ionic frequency and for an angle of incidence of 45°, that is, to the case

when

y%:yg:%yza y3 =0, y:%,] (85
§2 = C? =} J /

The continuous curve refers to the ordinary wave and the broken curve to the extra-
ordinary wave. From (61) we see that the infinity of ¢% is given by

x=1—y? (86)
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Fic. 21. Propagation in equatorial regions, y < 1.
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Fic. 22. North-south transmission in equatorial regions, y > 1.
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independent of the angle between the horizontal direction of the earth’s magnetic field
and the plane of phase-propagation. The zeros of ¢> must in general be obtained by
numerical solution of the cubic equation (62) for x; intervals within which they must lie
are given by fig. 17. Let xp, x and x,, (x, <x,<x;) be the three roots of (62). Then wesee
that for propagation in equatorial regions using wave-frequencies greater than the
magneto-ionic frequency the critical electron density required for reflexion of the extra-
ordinary wave is given by x = x,, while that for the ordinary wave is given by x = x.

For north-south transmission in equatorial regions (y, = y; = 0, y, = +y) there is
an analytical solution of the cubic equation (62) for x given by (64). Fig. 22 refers to
north-south transmission in equatorial regions for a wave-frequency half the magneto-
ionic frequency (y = 2). The series of curves shows the effect of increasing the angle of
incidence from 0 to 7. Because the wave-frequency is less than the magneto-ionic
frequency (y>1), one of the roots of the cubic equation (62) for x is negative (cf. fig. 18)
and so has no physical significance, and the same is true of the value (86) of x where ¢? is
infinite. We see that for north-south transmission in equatorial regions the critical
electron density required for reflexion of the ordinary wave is given by

x=1 when 0<0<tan™!/y, (87)
and x = C?(1+y) when tan™! /y<0<im. (88)

We notice from (87) that for angles of incidence less than tan~!,/y the level of reflexion
of the ordinary wave is independent of the value of the angle of incidence. We also see
from fig. 22 that for north-south transmission in equatorial regions using wave-frequen-
cies less than the magneto-ionic frequency the critical electron density required for
reflexion of the extraordinary wave is given by

x=C?(14y) when 0<<O<tan!'/(}y). (89)

When the angle of incidence exceeds tan~!,/(3y), the state of affairs existing for the
extraordinary wave may be appreciated more easily from the (¢, x), or (g, N), curves
thanfromthe (¢% x) curves. When ¢ >tan~!,/(}y), the (¢, N) curvesarereadily seen to take
the form shown in fig. 13 except that, owing to the nature of the special case with which
we are concerned, the curves are symmetrical with respect to the N-axis. Inthesespecial
circumstances therefore 4, and Bin fig. 13 coincide with D and £ respectively, while 4,
and 4, are reflexions of each other in the N-axis. The group-ray for the extraordinary
wave is therefore of the type shown in fig. 14, except that 4, and 4, are at the same level,
D coincides with 4,, and the whole group-ray is symmetrical about the vertical through
A,. Itis clearly the common level of 4, and 4, which gives the critical electron density
required to reflect the wave, and it therefore follows that for north-south transmission in
equatorial regions using wave-frequencies less than the magneto-ionic frequency the
critical electron density required for reflexion of the extraordinary wave is given by

CZy 2
x = 1+(TS) when tan™'/(3y) <0<im. (90)
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The extraordinary wave is reflected in succession at the levels

3 C2\2
x=C%(1+4y) + when tan~!/(3y)<f<tan~! [y, (91)
B C2y\2
and

B C2y\2

v=14(59)
x=1 when tan=!,/y<<f<im. (92)

B C2y\2

¥ =1+(5)

It should be noted that, when @ is in the neighbourhood of tan=!,/y, the reflecting
stratum in the neighbourhood of the level where x = 1 is partially penetrable both for
the ordinary wave-packet arriving from below and for the extraordinary wave-packet
arriving from above. We may also point out that for glancing incidence (6 nearly equal
to 47) the extraordinary wave, in addition to suffering reflexion from the level where
x¥ =1, would also suffer partial reflexion from the region of small electron density
(provided of course the effect of damping were sufficiently small).

When the plane of propagation does not necessarily coincide with the magnetic
meridian-plane, the state of affairs existing in equatorial regions for wave-frequencies
less than the magneto-ionic frequency is as follows. Let x;, x5 and x5 (x,<xp<xp)
be the three roots of the cubic equation (62) giving the zeros of ¢. Then the critical
electron density required for reflexion of the ordinary wave is given by x = x,. That for
the extraordinary wave is given by x = x, unless conditions are sufficiently near to
glancing incidence in the magnetic meridian-plane to make

45%3(CHy3—y3) > (CPy5+y3)3. (93)

In the latter case the extraordinary wave suffers reflexion in succession at the levels

2 2112\ 2
x=1 +{@ ;Fsiy?; : (94)
X = Xpy (95)
2 C2 2\ 2

the critical electron density being given by (94) and (96). (94) and (96) are obtained
by expressing the condition that the two values (84) of ¢% are equal, and (93) by express-
ing the condition that this common value of ¢ is positive.
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11. SuMMARY

A study is made of the propagation of wave-packets incident obliquely upon a slowly
varying plane-stratified doubly refracting medium with a view to applying the results
to the ionosphere. The magneto-ionic theory in the form given by Appleton is only
suitable for investigating vertical propagation in the ionosphere. The theory is general-
1zed 50 as to be capable of describing oblique propagation of a magneto-ionic component
through the ionosphere without using a refractive index which dependsin a complicated
way upon an unknown angle of refraction. The fundamental formula of the oblique-
incidence magneto-ionic theory is an algebraic quartic equation for a quantity ¢ which
depends upon the prescribed angle of incidence and which at vertical incidence becomes
identical with the well-known refractive index. The four roots of the quartic equation
for ¢ correspond to the upgoing ordinary wave, the upgoing extraordinary wave, the
downcoming ordinary wave and the downcoming extraordinary wave. The level
in the ionosphere where individual wave-crests are moving horizontally across a
characteristically polarized wave-packet is given by the condition ¢ = 0, which is
equivalent to putting the angle of refraction equal to 17 in Snell’s Law. But the level
of reflexion of the magneto-ionic component is the level where the wave-packet as a
whole is travelling horizontally and is given by the condition that the root of the quartic
equation for ¢ corresponding to the upgoing magneto-ionic component should be equal
to a root corresponding to a downcoming magneto-ionic component.

The detailed application of these results to the ionosphere depends on our ability to
solve the fundamental quartic equation for ¢, and the only practical way of achieving
thisin general is to resort to one of the standard numerical methods. Special cases worked
outin this way show that the critical electron density required for reflexion of a magneto-
ionic component can easily be as much as 25 9, in excess of the erroneous value which
would be calculated by putting the angle of refraction equal to 47 in Snell’s Law.

The analytical solution of the quartic equation for g is sufficiently simple to be of
practical value in the case of east-west transmission (including vertical incidence) and
in the case of propagation in equatorial regions. Owing to the symmetrical influence of
the earth’s magnetic field upon the propagation of the upgoing and downcoming waves
in these special cases, it is legitimate to calculate the critical electron densities of the
magneto-ionic components from the condition (¢ = 0) that the direction of phase-
propagation is horizontal. Representative curves are drawn.
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